Using barrier strip arguments, we investigate the existence of C 2 [0, 1]-solutions to the Neumann boundary value problem f (t, x, x , x ) = 0, x (0) = a, x (1) = b. MSC: 34B15
Introduction
The purpose of this paper is to establish the existence of 
where the function f (t, x, p, q) and its first derivatives are continuous only on suitable subsets of the set [, ] × R  .
The literature devoted to the solvability of singular and nonsingular Neumann BVPs for second order ordinary differential equations whose main nonlinearities do not depend on the second derivative is vast. We quote here only [-] for results and references.
The solvability of the homogeneous Neumann problem for the equation (p(t)x ) + f (t, x, x , x ) = y(t), under appropriate conditions on f , has been studied in [-] . Results, concerning the existence of solutions to the homogeneous and nonhomogeneous Neumann problem for the equation x = f (t, x, x , x ) -y(t) can be found in [] and [] respectively. BVPs for the same equation with various linear boundary conditions have been studied in [, -]. The results of [] guarantee the solvability of BVPs for the equation x = f (t, x, x , x ) with fully linear boundary conditions. BVPs for the equation f (t, x, x , x ) =  with fully nonlinear boundary conditions have been studied in [] . For results, which guarantee the solvability of the Dirichlet BVP for the same equation, in the scalar and in the vector cases, see [] 
Basic hypotheses
To formulate our hypotheses, we use the sets
So, we assume that there are positive constants K , M and a sufficiently small ε >  such that: H.
there are constants K x and K q such that
where
H.
where M  is as in H. H. The functions f (t, x, p, q) and f q (t, x, p, q) are continuous for 
Auxiliary lemmas
In order to obtain our main existence results, we use the constant K from the hypotheses to construct the family of BVPs
where λ ∈ [, ] and prove the following three auxiliary results.
Lemma . Let H hold and x(t)
Proof For λ = , problem (.)  is of the form
The unique solution to this BVP satisfies the bound
Let now λ ∈ (, ]. Then the function
is a solution to the homogeneous boundary value problem
The equation is equivalent to the following one
Hence, by the intermediate value theorem, we obtain consecutively
Next, suppose that |y(t)| achieves its maximum at t  ∈ (, ). Then the function z = y  (t) has also a maximum at t  . Consequently, we have
Using the fact that y (t  ) = , from (.) we obtain
In view of H, from (.) we have
Then, from (.) and (.) it follows that
Multiplying (.) and (.) by y(t  ), we obtain
which contradicts (.). Thus, we infer that if |y(t)| achieves its maximum on (, ), then If y() > , then y () >  and so y (t) is a strictly increasing function for t ∈ U  , where U  ⊂ [, ] is a sufficiently small neighbourhood of t = . So, we see that
i.e., y(t) is a strictly decreasing function for t ∈ U  . Therefore, y() = |y()| can not be the maximum of |y(t)| on [, ], which is a contradiction. Assume next that y() < . Then similar to the above arguments lead again to a contradiction. Thus, we see that
The inequality
can be obtained in the same manner. Consequently, the eventual solutions of (.) λ , λ ∈ (, ] satisfy the bound
and the proof of the lemma is completed.
Lemma . Let H and H hold and x(t) ∈
By Lemma ., we have
In particular, (.) holds for t  and t  . Thus, in view of H, we have
respectively. The obtained contradictions show that
and therefore
which proves (a).
(b) By the mean value theorem, for each t ∈ (, ] there is a ξ ∈ (, t) such that
Since, in view of (a), we have |x (ξ )| ≤ M  + M, from the last formula we find that
which proves (b) and completes the proof of the lemma.
Lemma . Let H, H and H hold. Then there exists a function G(λ, t, x, p) continuous for
Proof (a) We write the differential equation from (.) λ as
and consider the function
we can use H to conclude that
On the other hand, for (λ, t, x, p, q) ∈ [, ] × we have
Finally, from H we have that
So, (.), (.) and (.) allow us to apply a well-known theorem to conclude that there is a unique function G(λ, t, x, p) which is continuous for (λ, t, x, p) ∈ [, ] × q and such that the equations
and Lemma . yields
which yields the first assertion.
The main result
Our main result is the following existence theorem, the proof of which is based on the lemmas of the previous sections and the Topological transversality theorem [].
Theorem . Let H, H and H hold. Then problem (N) has at least one solution in
Proof First, we observe that according to Lemma ., the family of boundary value problems
is equivalent to the family (.) λ for λ ∈ [, ]. Next define the set 
, are continuous on j(U) and G λ (j(U)) respectively, the homotopy
is compact. Besides, the equation 
From the fact that l ∈ U, it follows that H  is an essential map (see, We conclude with the following example, which illustrates our main result.
Example . Consider the boundary value problem Thus, H also holds. Finally, H holds since f (t, x, p, q) and f q (t, x, p, q) are continuous for (t, x, p, q) ∈ [, ] × R  .
Thus, we can apply Theorem . to conclude that the considered problem has a solution in C  [, ].
